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Abstract
In this paper, we investigate what are Carleson measures on open subsets in the
complex plane. A circular domain is a connected open subset whose boundary consists
of finitely many disjoint circles. We call a domain G multi-nicely connected if there ex-
ists a circular domainW and a conformal map ψ fromW onto G such that ψ is almost
univalent with respect the arclength on ∂W . We characterize all Carleson measures
for those open subsets so that each of their components is multi-nicely connected and
harmonic measures of the components are mutually singular. Our results suggest the
extend of Carleson measures probably is up to this class of open subsets.
Keywords. Carleson measure, circular domain, harmonic measure, multi-
nicely connected domain
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Introduction
In this paper, we extend the concept of Carleson measures to general open subsets in the
plane. This work is the continuation of [1] in which the author studies and characterizes
all Carleson measures on circular domains.
Let us begin with the Carleson measures on circular domains. For a domain G, let R(G)
denote the uniform closure of rational functions with poles off G. A Carleson measure on
a circular domain is defined as:
definition 0.1 A positive finite (Borel) measure on a circular domain G is called a Car-
leson measure if there exists a positive constant C such that for all q ∈ [1,∞)
{
∫
G
|r|qdµ}
1
q ≤ C {
∫
∂G
|r|qds}
1
q , r ∈ R(G),
where s is the arclength measure on ∂G.
∗
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Recall a Carleson square Ch on the unit disk D is a subset of form
Ch = {z = re
it : 1− h ≤ r < 1; t0 ≤ t ≤ t0 + h}.
A Carleson measure was originally defined as a measure µ such that µ(Ch) ≤ ch for each
Carleson square on D, where c is a positive constant. L. Carleson [2, 3] established the
equivalence between this definition and Definition 0.1.
Fortunately, it is also possible for us to define Carleson squares on circular domains
and it turns out that the definition is a natural extension of Carleson squares on the unit
disk.
Let G be a circular domain with boundary components C0, C1, ... Cn and let C0 be
the outer boundary. Let ai be the center of Ci and let ri be the radius of the circle Ci
for i = 0, 1, 2, ...n. Set f0 =
z−a0
r0
and fi =
ri
z−ai
for each i > 0. We call a subset of G
a Carleson square if S ∩ ∂G is connected and if there is 0 ≤ i ≤ n such that fi(S) is a
Carleson square on the unit disk D.
The following two theorems are the main results in [1], which characterize Carleson
measures on circular domains and also generalize a famous theorem of L. Carleson that
establishes the equivalence between the Carleson measure and the Carleson measure in-
equality.
Theorem 0.1 Let G be a circular domain. A positive finite measure µ on G is a Carleson
measure if and only if there exists a positive constant c such that for each Carleson square
S ⊂ G, µ(S) ≤ ch, where s is the arclength measure on ∂G and h = s(S ∩ ∂G).
Theorem 0.2 Let G be a circular domain with boundary components C0, C1, ... Cn and
let C0 be the outer boundary. For each i = 0, 1, 2, ..., let ai be the center and let ri be the
radius of Ci, respectively. Set f0 =
z−a0
r0
and fi =
ri
z−ai
for each i > 0. A positive measure
on G is a Carleson measure if and only if µ ◦ f−1i is a Carleson measure on the unit disk
D for each i.
Originally motivated by a research problem in operator theory suggested by Ronald
Douglas: Can the similarity and quasi-similarity of the well-known results of W. Clary be
extended to multiply connected domains? The readers may consult [4][ p. 370-373] and
[5, 6, 7, 8, 9] for the topics. The quasi-similarity case was first investigated in [5] and then
later in [8], but the similarity case was only to be done recently in [9] and the extension
was completed because of the research in this work. We consider the following problem:
What are the natural extension of the Carleson measures from circular domains to general
domains. Is there a meaningful and satisfactory extension of Carleson measures to general
domains or even to general open subsets in the plane?
Carleson measures on the unit disk (or half plane) have many applications and con-
nections in analysis. So we have reasons to believe this problem is interesting and worth
of studies in its own right. Positive results toward the problem would likely have nice ap-
plications in the function theory and operator theory on planar domains (for an example,
see [9]).
Before we give the definition of Carleson measures, let us recall what are harmonic
measures for a given domain in the plane.
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LetG be a domain in the extended complex plane such that ∂G does not contain∞. For
u ∈ C(∂G), let uˆ = sup{f : f is subharmonic on G and lim supz→a f(z) ≤ u(a), a ∈ ∂G}.
Then uˆ is harmonic on G and continuous on G, and the map u→ uˆ(z) defines a positive
linear functional on C(∂G) with norm one, so the Riesz representing theorem implies that
there is a probability measure ωz on ∂G such that uˆ(z) =
∫
∂G
udωz, u ∈ C(∂G). The
measure ωz is called the harmonic measure for G evaluated at z.
The harmonic measures evaluated at two different points are boundedly equivalent .
An observation is that a harmonic measure for G is boundedly equivalent to the arclength
measure on ∂G if the boundary G consists of finitely many smooth Jordan curves.
With the above observation, it is clear that we can replace the arclength by a harmonic
measure for G in Definition 0.1.
Let G be an open subset in the complex plane and let A(G) denote the function algebra
consisting of all functions analytic on G and continuous on G. Now we define Carleson
measures on a general domain as follows:
definition 0.2 A positive finite (Borel) measure on a connected open subset G is called a
Carleson measure if there exists a positive constant C such that for all q ∈ [1,∞)
{
∫
G
|r|qdµ}
1
q ≤ C {
∫
∂G
|r|qdω}
1
q , r ∈ A(G),
where ω is a harmonic measure for G.
Why do we use A(G) instead of R(G) in the definition above? First, if G is a circular
domain, then there is no difference. Second, when G is a circular domain, we can actually
replace R(G) by H∞(G), the algebra of bounded analytic functions on G. However, it is
impossible to use H∞(G) for a general domain G, so A(G) is likely the largest algebra of
analytic functions on G that is most appropriate for the definition.
Now the question is: Is this a natural extension? Our results show that it seems the
right extension for finitely connected domains. Since the Carleson measures for infinitely
connected domains are uninteresting and have little meaning in general, our definition
appear to be a satisfactory one also.
In this work, we characterize all Carleson measures on multi-nicely connected domains.
Moreover, our results, together with our comments and conjectures, suggest that this is
the largest class of finitely connected domains on which Carleson measures are meaningful.
In Section 1, we study Carleson measures on multi-nicely connected domains, and
in Section 2 we extend the result in Section 1 to those open subsets whose components
are multi-nicely connected and the harmonic measures of the components are mutually
singular. [10], [11] and [4] are good references for basic concepts related to this work.
1 Carleson Measures On Finitely Connected Domains
Let G be a finitely connected domain whose boundary contains no single point component.
It is a classical result that G is conformally equivalent to a circular domain in the complex
plane. Since we already know what are the Carleson measures on circular domains, we
wish to characterize Carleson measures on general domains vis conformal maps.
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The following proposition says that the conformal image of a Carleson measure on a
circular domain is also a Carleson measure.
Proposition 1.1 Suppose G be a domain conformally equivalent to a circular domain W .
If a positive finite measure µ on G is mapped to a Carleson measure on W by a conformal
map from W onto G, then µ is a Carleson measure.
Proof. Suppose µ = τ ◦ φ, where τ is a Carleson measure on W and φ is a conformal
map from G onto W . By our definition, there is a positive constant C such that for all
q ∈ [1,∞)
‖f‖Lq(τ) ≤ C ‖f‖Lq(ωW ), f ∈ A(W ),
where ωW is a harmonic measure for W . Fix a number q ∈ [1,∞). Let ω = ωW ◦ φ
−1,
then it is a harmonic measure on G. Now, let g ∈ A(G), then g ◦ φ−1 ∈ H∞(W ). Since
W is a circular domain, it is a classical result that the boundary value function of g ◦ φ−1
can be approximated by a sequence {fn} ⊂ A(W ) in L
q(ωW ) norm. If we still use g ◦ φ
−1
to denote this boundary value function, then the above inequality implies that
lim
n→∞
‖g ◦ φ−1 − fn‖Lq(τ) = 0.
So, we have
‖g ◦ φ−1‖Lq(τ) = lim
n→∞
‖fn‖Lq(τ) ≤ C lim
n→∞
‖fn‖Lq(ωW ) = ‖g ◦ φ
−1‖Lq(ωW ).
Therefore, it follows that
‖g‖Lq(µ) = ‖g ◦ φ
−1‖Lq(τ) ≤ C ‖g ◦ φ
−1‖Lq(ωW ) = C ‖g‖Lq(ω), for each g ∈ A(G).
Hence, µ is a Carleson measure on G.
Later on, we will see: not every Carleson measure on G is generated in this way
if G is a general finitely connected domain. However, as the following Theorem 1.1 shows
that for the class of multi-nicely connected domains, it is the case.
Let G be a domain conformally equivalent to a circular domain W and let α be a
conformal map from W onto G. By Fatou’s theorem, α has nontangential limits at almost
every point of ∂W with respect to the arclength measure. So α has a well-defined boundary
value function up to a set of zero arclength measure. We call G is a multi-nicely connected
domain if α is almost 1-1 on ∂W with respect to the arclength measure on ∂W . If G is
also simply connected, we call G nicely connected (a terminology used in [12, Glicksburg]).
The following result is the main theorem in [13]:
Theorem A. Let G be a bounded open subset such that each of its components is finitely
connected and the components of G have no single point boundary components. Then in
order that for every function in H∞(G) be the pointwise limit of a bounded sequence in
A(G) it is necessary and sufficient that the harmonic measure of the components of G are
mutually singular and each component of G is multi-nicely connected.
The following theorem gives a characterization of Carleson measures on multi-nicely
connected domains.
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Theorem 1.1 Let G be a multi-nicely connected domain conformally equivalent to a cir-
cular domain W . Let α denote a conformal map of W onto G. Then a positive finite
measure µ on G is a Carleson measure if and only if µ ◦ α is a Carleson measure on W .
Proof. Necessity.
Since G is conformally equivalent to W and since G is multi-nicely connected, there
exists a conformal map ψ from W onto G such that the boundary value function of ψ is
univalent almost everywhere on ∂W . We also use ψ to denote its boundary value function.
So there is a measurable subset E with full harmonic measure so that ψ is univalent on
E. Thus, ψ−1 is well-defined on ψ(E), which has full harmonic measure. Let ω denote a
harmonic measure for G. Then ψ−1 is a well-defined function in Lq(ω) for all 1 ≤ q ≤ ∞.
Suppose that µ is a Carleson measure on G. Then there is a positive constant C such that
for all q ∈ [1,∞]
{
∫
G
|f |qdµ}
1
q ≤ C {
∫
∂G
|f |qdω}
1
q , r ∈ A(G).
Pick a function g in A(W ). Then g◦ψ−1 ∈ H∞(G). Since G is a multi-nicely connected, it
follows (Theorem A) that g ◦ψ−1 is the limit of a bounded sequence of functions in A(G).
This, in turn, implies that g is the weak-star limit of a sequence of functions of A(G) in
L∞(ω). Let A∞(G,ω) and Aq(G,ω) denote the weak-star closure of A(G) in L∞(ω) and the
mean closure of A(G) in Lq(ω), respectively. We now show that A∞(G,ω) ⊂ Aq(G,ω) for
all q ∈ [1,∞). In fact, Suppose that the inclusion does not hold. Then using Hahn-Banach
theorem, we can find x ∈ A∞(G,ω) and h ∈ Aq(G,ω)∗ = Ap(G,ω) (where 1
q
+ 1
p
= 1) such
that ∫
xh dω = 1 and
∫
fh dω = 0 for each f ∈ Aq(G,ω).
Let {gn} be a sequence such that it weak-star converges to x. Then by the definition of
weak-star topology, we have∫
xf dω = lim
n→∞
∫
gnf dω for each f ∈ L
1(ω).
In particular, the above equality holds for h and so we get that
∫
xh dω = 0, which is a
contradiction.
Now fix such a number q. For any function g in A(W ), choose a sequence {fn} in A(G)
such that fn → g ◦ ψ
−1 in Aq(G,ω). Then we have
{
∫
W
|g|qdµ ◦ ψ}
1
q = {
∫
G
|g ◦ ψ−1|qdµ}
1
q = lim
n→∞
{
∫
G
|fn|
qdµ}
1
q
≤ C lim
n→∞
{
∫
G
|fn|
qdω}
1
q = C {
∫
G
|g ◦ ψ−1|qdω}
1
q
= C {
∫
∂W
|g|qdω ◦ ψ}
1
q .
Since ω◦ψ is boundedly equivalent to the arclength measure on ∂W , we conclude that µ◦ψ
is a Carleson measure onW . Hence, it follows by Proposition 1.1 that µ◦α = µ◦ψ◦(ψ−1◦α)
is a Carleson measure on W .
Sufficiency. This directly follows from Proposition 1.1.
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Corollary 1.1 Suppose G and V are multi-nicely connected domains. Let α be a confor-
mal map from G onto V . Then α−1 maps a Carleson measure on G to a Carleson measure
on V .
Proof. Let µ be a Carleson measure on G. Since G is multi-nicely connected, there
is a circular domain W and a comformal map ψ from W onto G. By the above theorem,
µ ◦ ψ is a Carleson measure on W . Since ψ−1 ◦ α−1 is a conformal map from V onto W ,
it follows by Theorem 1.1 again that µ ◦ α−1 = µ ◦ ψ ◦ (ψ−1 ◦ α−1) is a Carleson measure
on V .
Corollary 1.2 Let G be a multi-nicely connected domain. A positive finite measure µ on
G is a Carleson measure if and only if there is a positive constant C such that for some
p ∈ [1,∞) ‖f‖Lp(µ) ≤ C‖f‖Lp(ω), f ∈ A(G).
Proof. It is well-known that the conclusion of the corollary is true if G is the unit
disk. Combining this fact with the proof of Theorem 0.2, we see that Corollary is also true
when G is a circular domain. Therefore, it follows by Theorem 1.1 that the conclusion
holds for multi-nicely connected domains.
Now an interesting question is raised:
For what domain G on which every Carleson measure µ is of the form τ ◦ φ,
where τ is a Carleson measure on W and φ is a conformal map from a circular
domain G onto W ?
We guess that the answer to the question is: G is a multi-nicely connected domain. We
are unable to prove this conjecture though we strongly believe it is the case. Nevertheless,
we can prove the following:
Suppose G is a domain such that every Carleson measure µ on G is of the form τ ◦ φ.
Then no point of ∂G can have such a neighborhood V for which V \ ∂G ⊂ G and ∂G ∩ V
is smooth Jordan arc.
We outline a proof of this fact in the following:
Suppose such a domain V exists. We first assume that V is a Jordan domain with
smooth boundary. An application of Morera’s theorem (see [14]) shows that A(G) =
A(G ∪ V ). Moreover, we next show that V is contained in the set of analytic bounded
point evaluations for Aq(G,ω) for all q ∈ [1,∞), where Aq(G,ω) is the closure of A(G) in
Lq(ω).
Recall a point w in the complex plane is called an (abpe) analytic bounded point
evaluation for Aq(G,ω) if there is a positive number c and a neighborhood Vw of w such
that for every z ∈ Vw |f(z)| ≤ c‖f‖Lq(ω), f ∈ A(G). We use ∇A
q(G,ω) to denote the set
of abpes (consult [4] for abpes).
Let ω1 denote the sum of the harmonic measures of the (two) components of V \ ∂G.
Then ω1 is supported on ∂(V \ ∂G). By Harnack’s inequality, we see that V \ ∂G is
contained in ∇Aq(V, ω1). Since the restrictions of ω1 to the boundaries of the components
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of V \ ∂G are not mutually singular, we see that ∇Aq(V, ω1) 6= V \ ∂G. So ∇A
q(V, ω1) is a
simply connected domain such that V \ ∂G ⊂ ∇Aq(V, ω1) ⊂ V. According to Lemma 3 in
[15] (or see the main theorem in [16]), ∇Aq(V, ω1) must be nicely connected. Since V ∩∂G
is a smooth Jordan arc, it follows that ∇Aq(V, ω1) = V . Using the maximum principle, it
can be shown that ∇Aq(V, ω1) ⊂ ∇A
q(G,ω). Hence, we have that V ⊂ ∇Aq(G,ω). This
proves the claim.
Evidently, we can use a Jordan domain with smooth boundary to replace V if it is not
one. Moreover, we certainly can require that V ⊂ ∇Aq(G,ω). Therefore, it follows from
the definition of analytic bounded point evaluations that there is a positive constant C
such that for each z ∈ V
(∗) |f(z)| ≤ c‖f‖Lq(ω), f ∈ A(G).
Let α be a conformal map from W onto G and let S be a Carleson square contained in W
such that α(S) ⊂ V . Choose a positive non-Carleson measure ν on W so that the support
of ν is contained in S (the existence of such a measure is no problem). Set µ = ν ◦ α−1.
Then, it follows from (∗) that ‖f‖Lq(µ) ≤ c1‖f‖Lq(ω), f ∈ A(G), where c1 is a positive
constant. Thus, by definition µ is a Carleson measure on G. Now, our assumption implies
that µ = ν ◦ α−1 = τ ◦ φ, where τ is a Carleson measure on W and φ is a conformal map
of G onto W . Consequently, we have that ν = τ ◦φ ◦α, which implies that ν is a Carleson
measure on W . This contradicts our choice of ν and hence the proof is complete.
Conjecture 1.1 Let G be a domain conformally equivalent to a circular domain W and
let φ be a conformal map of G onto W . If every Carleson measure on G is of the form
τ ◦ φ, where τ is a Carleson measure on W , then G is a multi-nicely domain.
A positive answer to the conjecture will show that Carleson measures on non-multi-
nicely connected domains are not interesting and have little meaning. So the extend of
Carleson measures would be up to the class of multi-nicely connected domains.
Recall the connectivity of a connected open subset is defined to be the number of the
components of the complement of G. The Riemann mapping theorem insures that all
simply connected domains (i.e. those domains having the connectivity 1) are conformally
equivalent. However, the same is not true for the domains having higher connectivity.
Because of this, the characterization of Carleson measures in Theorem 1.1 does not give
us complete satisfaction.
Next, we give another characterization of Carleson measures in Theorem 1.2, which,
together with Theorem 1.1, completes the picture of Carleson measures on multi-nicely
connected domains.
We first prove the following lemma.
Lemma 1.1 Let G be a multi-nicely connected domain and let µ be a positive finite mea-
sure on G. Let E be a compact subset of G. Define µE = µ|(G \ E). If µE is a Carleson
measure on G, then µ is a Carleson measure on G.
Proof. We first assume that G is a circular domain. Suppose that µE is a Carleson
measure G. By definition, there exists a positive constant C such that for each q ∈ [1,∞)
‖f‖Lq(µE) ≤ C ‖f‖Lq(ω), f ∈ A(G),
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where ω is a harmonic measure of G. Fix such a number q. Let {fn} be a sequence of
functions in A(G) such that it converges to zero in Lq(ω). Since G is a circular domain, it
is a classical result that {fn} converges to zero uniformly on compact subsets of G. This
together with the inequality above implies that limn→∞ fn = 0 in L
q(µ). Let Aq(G,µ)
(Aq(G,ω)) be the closure of A(G) in Lq(µ) (Lq(ω)). Then, it follows that the linear
operator A, from Aq(G,µ) to Aq(G,ω), densely defined by A(f) = f for each f ∈ A(G) is
continuous. Therefore, we have
‖f‖Lq(µ) ≤ ‖A‖ ‖f‖Lq(ω), f ∈ A(G).
Applying Corollary 1.2, we conclude that µ is a Carleson measure on G.
Finally, using Theorem 1.1, we conclude that the lemma holds for an arbitrary multi-
nicely connected domain.
The next theorem gives another characterization of Carleson measures on nicely con-
nected domains, which also generalizes Theorem 0.2.
Theorem 1.2 Suppose that G is a multi-nicely connected domain. Let {En}
l
n=0 be the
collection of all components of ∂G, and let Ĝn be the simply connected domain containing
G and having En as its boundary in the extended plane. Let fn denote a Riemann map of
Ĝn onto D. Then a positive finite measure µ on G is a Carleson measure if and only if
µ ◦ f−1n is a Carleson measure on D for each 0 ≤ n ≤ l.
Proof. Sufficiency.
Suppose that µ ◦ f−1n is a Carleson measure on D for each 0 ≤ n ≤ l. Fix an integer
n ≤ l and let α be a conformal map of Ĝn onto D. Thenα(G) ⊂ D. By our hypothesis,
Ĝn is a nicely connected domain.
Let ǫ is a sufficiently small positive number so that
R2ǫ = {z : 1− 2ǫ < |z| < 1} ⊂ α(G)
and define a measure νn by let νn be the restriction of µ◦α
−1 on Rǫ. Then, our hypothesis
implies that νn is a Carleson measure on D. An application of Theorem 0.2 shows that νn
is a Carleson measure on R2ǫ. Since R2ǫ ⊂ α(G), we can choose a harmonic measure ωR2ǫ
for R2ǫ and a harmonic measure ωα(G) for α(G) so that they have the same evaluating
point. Then, there exists a positive constant c such that for each q ∈ [1,∞)
‖g‖Lq(νn) ≤ c ‖g‖Lq(ωR2ǫ ) ≤ c ‖g‖Lq(ωα(G)), g ∈ A(α(G)).
Since G is multi-nicely connected and α is a conformal map onto a circular domain D, it
is not difficult to see that α(G) is also a multi-nicely connected domain. So A(α(G)) is
pointwise boundedly dense in H∞(α(G)). Therefore, we have that for each q ∈ [1,∞)
‖f‖Lq(νn◦α) = ‖f ◦ α
−1‖Lq(νn) ≤ c ‖f ◦ α
−1‖Lq(ωα(G)) ≤ c ‖f‖Lq(ω), f ∈ A(G),
where ω is a harmonic measure for G. By definition, νn ◦ α is a Carleson measure on G.
Therefore, if we set ν =
∑l
n νn=1, then ν is a Carleson on measure G.
Lastly, applying Lemma 1.1, we conclude that µ is a Carleson measure on G.
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Necessity.
Suppose that µ is a Carleson measure on G. Fix an integer n ≥ 1. Let W be a circular
domain conformally equivalent to G. Let λ be a conformal map from Ĝn onto Ŵ , which
is the disk having the outer boundary of W as its boundary. According to Corollary 1.1,
µ ◦λ−1 is a Carleson measure on λ(G). Now, let τ denote the Riemann map from Ŵ onto
D that sends the center of Ŵ to the origin and has positive derivertive at the center point
of Ŵ . Then it follows by Theorem 0.2 that µ ◦ λ−1 ◦ τ−1 is a Carleson measure D. Since
µ ◦ f−1n = µ ◦ λ
−1 ◦ τ−1 ◦ (τ ◦ λ ◦ f−1n ) and since (τ ◦ λ ◦ f
−1
n ) is a conformal map from D
to D, it follows by Theorem 1.1 that µ ◦ fn is a Carleosn measure on D. So we are done.
2 Carleson measures on open subsets
Let G be an open subset with components G1, G2, ...Gn, ... on the plane. Recall that a
harmonic measure for G is defined to be ω =
∑
2−nωGn , where ωGn is a harmonic measure
for Gn. Observe that ω is a measure supported on ∂G.
Note, if G has only finitely many components, then two harmonic measures for G
are still boundedly equivalent. But this is no longer true when G has infinitely many
components.
Now we define Carleson measures on a general open subset in the following:
definition 2.1 Let G be an open subset and let ω be a harmonic measure for G. A positive
finite measure on G is said to be a Carleson measure (with respect to ω) if there exists a
positive constant C such that for all q ∈ [1,∞)
{
∫
G
|r|qdµ}
1
q ≤ C {
∫
∂G
|r|qdω}
1
q , r ∈ A(G).
The definition of Carleson measures is still independent to the choise of the harmonic
measure ω when G has only finitely many components.
Conjecture 1.1 suggest that Carleson measures on non-multi-nicely connected domains
are uninteresting. So in this section, we shall only consider those open subsets whose
components are all multi-nicely connected domains.
In the following lemma, G is an open subset with components {Gn}n≥1 and ω denotes
a harmonic measure for G.
Lemma 2.1 Suppose that each Gn is a multi-nicely domain and the harmonic measures
of the components of G are mutually singular. Then a positive finite measure µ on G is a
Carleson measure if and only if there is a positive constant C such that for each q ∈ [1,∞)
and for each n ≥ 1
{
∫
Gn
|r|qdµ}
1
q ≤ C {
∫
Fn
|r|qdω}
1
q , r ∈ A(Gn),
where Fn is a carrier of a harmonic measure of Gn for each n.
9
Proof. Necessary.
Suppose that µ is a Carleson measure on G. Then there is a positive constant C such
that for each q ∈ [1,∞)
{
∫
|r|qdµ}
1
q ≤ C {
∫
|r|qdω}
1
q , r ∈ A(G).
By Theorem A, we see that our hypothesis implies that each function in H∞(G) is the
pointwise limit of a bounded sequence of functions in A(G).
Fix an integer n and pick a function r ∈ A(Gn). Let χGn∪Fn denote the characteristic
function of Gn ∪ Fn. Then there is a bounded sequence in A(G) such that it pointwise
converges to rχGn∪Fn on Gn. But this, together with our hypothesis, implies that rχGn∪Fn
(actually, the boundary value function χGn∪Fn on ∂G) is in the weak-star closure of A(G)
in L∞(ω). Thus, it follows that rχGn∪Fn belongs to the mean closure of A(G) in L
q(ω) for
all q ∈ [1,∞). Fix a number q ∈ [1,∞) and choose a sequence of functions {fk} ⊂ A(G)
such that fk → rχGn∪Fn in L
q(ω). Then we have that fk → rχGn∪Fn in L
q(µ) as well.
Therefore, we conclude that for each r ∈ A(Gn)
{
∫
Gn
|r|qdµ}
1
q ≤ {
∫
|rχGn∪Fn |
qdµ}
1
q = lim
k→∞
{
∫
G
|fn|
qdµ}
1
q
≤ C lim
k→∞
{
∫
∂G
|fn|
qdω}
1
q = C {
∫
|rχGn∪Fn |
qdω}
1
q
= C {
∫
Fn
|r|qdω}
1
q .
Sufficiency. Observe that µ(G) =
∑
µ(Gn) and ω(∂G) =
∑
ω(Fn). So it follows
evidently that the conclusion is true.
Recall that we define ω =
∑
n=1
1
2nωn, where ωn is a harmonic measure for Gn. The
condition in Lemma 2.1 is made on ω. If we replace ω|Fn by ωn in Lemma 2.1, then we
have our main theorem of the section:
Theorem 2.1 Suppose that each Gn is multi-nicely connected and the harmonic measures
of the components of G are mutually singular. Then a positive finite measure µ on G is a
Carleson measure if and only if each µ|Gn is a Carleson measure and there is a sequence
of positive numbers {cn}n=1 such that {cn} ∼ {
1
2n } o(
1
n
) and for each n ≥ 1
‖r‖Lq(µ|Gn) ≤ cn‖r‖Lq(ωn), r ∈ A(Gn).
Proof. Necessity.
Suppose that µ is a Carleson measure on G. Let Fn denote a carrier of ωn. According to
Lemma 2.1, there is a positive constant C such that for each n ≥ 1 and for each q ∈ [1,∞)
‖r‖Lq(µ|Gn) ≤ C ‖r‖Lq(ω|Fn), r ∈ A(Gn).
By our hypothesis, we have ωn ⊥ ωm (if n 6= m). So the definition of ω implies that
ω|Fn =
ωn
2n . It follows that for each n ≥ 1 and each q ∈ [1,∞)
‖r‖Lq(µ|Gn) ≤
C
2
n
q
‖r‖Lq(ωn), r ∈ A(Gn).
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In particular, this says that µ|Gn is a Carleson measure on Gn for each n. Moreover, when
q = 1, we have that for each n ≥ 1
(∗) ‖r‖L1(µ|Gn) ≤
C
2n
‖r‖L1(ωn), r ∈ A(Gn).
Since µ|Gn is a Carleson measure and Gn multi-nicely connected, it follows by Corollary 1.2
that for each n ≥ 1 and for all q ∈ [1,∞)
‖r‖Lq(µ|Gn) ≤
C
2n
‖r‖Lq(ωn), r ∈ A(Gn).
Now, if we let cn =
C
2n for each n ≥ 1, then {cn} ∼ {
1
2n } o(
1
n
), and moreover
‖r‖Lq(µ|Gn) ≤ cn‖r‖Lq(ωn), r ∈ A(Gn).
Sufficiency.
Suppose that there is a sequence of positive numbers {cn}n=1 such that
{cn} ∼ {
1
2n
} o(
1
n
) and ‖r‖Lq(µ|Gn) ≤ cn‖r‖Lq(ωn), r ∈ A(Gn).
Then there is a sufficiently large integer N such that cn ≤
C
′
2n when n ≥ N , where C
′
where is a positive constant.
Let C
′′
= maxi≤N−1{C
′
, ci} and set C = 2
NC
′′
. Then cn ≤
C
2n for each n ≥ 1. Thus,
we have that for each q ∈ [1,∞)
≤ C(
1
2n
)
1
q ‖r‖Lq(ωn) = C‖r‖Lq(ω|Gn) for r ∈ A(Gn).
Consequently, for each r ∈ A(G) we get that
‖r‖Lq(µ) = {
∑
n=1
∫
|r|qdµ|Gn}
1
q ≤ {Cq
∑
n=1
∫
|r|qdω|Gn}
1
q = C‖r‖Lq(ω).
Therefore, µ is a Carleson measure on G.
Remark 2.1 When n =∞, the definition of Carleson measures we employ as in Defini-
tion 2.1 depends on the choice of the harmonic measure ω. In fact, we define a harmonic
measure as: ω =
∑ 1
2nωn. Clearly, we can chose another sequence of positive numbers
{bn} so that ωb =
∑
bnωn is also a probability measure and ωb clearly can also be called a
harmonic measure. Though we still have that [ωb] = [ω], ωb and ω are no longer boundedly
equivalent in general. So a measure is a Carleson measure (with respect to ωb) if and only
if the restriction of µ to each of the components of G is a Carleson measure and there is
a sequence of positive numbers {cn}
∞
n=1 such that {cn} ∼ {bn} as n→∞.
Carleson measures in Theorem 2.1 have a nice application to operator theory. In [9] the
author characterizes a class of operators similar to the operator of multiplication by z on
the Hardy space H2(G) (where G has infinitely many components) via Carleson measures
on G.
For an open subset with finitely many components, we have:
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Corollary 2.1 Let G =
∑k
n=1Gn. Suppose each Gn is multi-nicely connected and the
harmonic measures of the components of G are mutually singular. Then a positive measure
µ on G is a Carleson measure if and only if the restriction to Gn is a Carleson measure
for each n.
proposition
We finish the paper by post the following conjecture closely related to Conjecture 1.1.
Conjecture 2.1 Suppose G be an open subset such that if µ is a Carleson measure, then
the restrictions of µ to each of the components of G are Carleson measures. Then the
harmonic measures of the components of G are mutually singular.
Using the same proof as in the comments before conjecture 1.1, we can show that
if G satisfies the condition of the above conjecture, there is no point in ∂G can have a
neighborhood V for which V \ ∂G ⊂ G and ∂G ∩ V is a smooth Jordan arc.
References
[1] Z. Qiu, Carleson measures on circular domains, Houston J. Math., Vol. 31 (2005),
No. 4, 1199-1206.
[2] L. Carleson, An interpolation problem for bounded functions, Amer. J. Math., 80
(1958), 921-930.
[3] L. Carleson, Interpolations by bounded analytic functions and the corona problem,
Ann of Math. 76 (1962), 547-559.
[4] J. Conway, The theory of subnormal operators, Math. Surveys and Monographs Vol.
36, Amer. Math. Soc. 1991.
[5] J. McCarthy, Quasisimilarity of rationally cyclic subnormal operators, J. Operator
Theory, 24 (1990), 105-116.
[6] W. Hastings, Subnormal operators quasisimilar to an isometry, Trans. Amer. Math.
Soc., 256 (1979), 145-246.
[7] Z. Qiu, Equivalence classes of subnormal operators, J. Operator Theory, Vol 32
(1994), 47-75.
[8] Z. Qiu, On quasisimilarity of subnormal operators, Science in China, Series A Math.
2007 Vol. 50, No. 3, 305-312.
[9] Z. Qiu, A class of operators similar to the shift on H2(G), Integral Equation and
Operator Theory, 56 (2006), No. 3, 415-429.
[10] P. Duren, Theory of Hp spaces, Academic Press, New York, 1970.
[11] T. Gamelin, Uniform Algebras, Prentice Hall, Englewood Cliffs, N.J., 1969.
12
[12] I. Glicksburg, The abstract F. and M. Riese theorem, J. Funct. Anal. 1 (1967),
109-122.
[13] Z. Qiu On pointwise bounded approximation, Acta Mathematics Sinica, Engilsh
Series, Jul., 2009, Vol. 25, No. 7, 1217-1222.
[14] J. Conway, Functions of one complex variable, GTM 11, Springer-Verlag 1973.
[15] Z. Qiu, The commutant of rationally cyclic subnormal operators and rational ap-
proximation, Integral Equation and Operator theory, 27 (1997), No. 3, 334-346.
[16] Z. Qiu, The structure of the closure of the rational functions in Lq(µ), Integral
Equation and Operator Theory, 59 (2007) No.2, 223-244.
[17] P. Ahern, D. Sarason, The Hq spaces of a class of function algebras, Acta Math.,
117 (1967), 123-163.
[18] P. Ahern, D. Sarason, On some Hypo-Dirichlet algebras of analytic functions, Amer.
J. Math., 89 (1967), 932-941.
[19] Z. Qiu, Carleson measure and polynomial approximation, Chinese Journal of Con-
temporary Mathematics, Vol 28 (2007), No. 2, 117-124.
[20] Z. Qiu, Density of rational functions in Hardy and Bergman spaces, Indian Journal
of Pure and Applied Mathematics, Vol 38 (2007), No. 4, 317-324.
[21] Z. Qiu, Beurling’s theorem and invariant subspaces for the shift on Hardy spaces,
Science in China, Series A, Mathematics, Vol. 51 (2007) No. 1, 131-142.
[22] M. Tsuji, Potential theory in modern function theory, Chelsa, New York, 1975.
13
